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Protein folding and fold recognition for square lattice models
Gordon M Crippen
Protein folding and inverse protein folding problems
are examined for the extremely simplified model of
short self-avoiding square lattice walks involving only
two or three residue types. Simple interresidue contact
free energy functions are given and are used to
determine which sequences fold uniquely to which
conformations. Contrary to general theories of protein
folding, this model system shows little correlation
between free energy and conformational distance from
the native, nor is there any marked energy gap between
the native and the best non-native structures.
Furthermore, even the given free energy function
sometimes fails to identify which sequences fold to a
particular target structure. If current ideas about protein
folding and structure/sequence compatibility fail in this
model system, it is unclear why they should be valid for
real proteins.
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Introduction 
One of the simplest conceivable models of proteins is that
of self-avoiding walks on a square lattice. The residues are
nres points on the lattice, having arbitrary types A and B.
Suppose that the true free energy of the system as a func-
tion of sequence s and conformation c depends only on
close contacts: 
where rij is the distance between residues i and j, and the
lattice spacing is unity. Then for some particular choice of
the contact energies (eAA, eAB, eBB), there may be some
sequences s such that each has only one conformation, c(s),
having the global minimum of E over all conformations.
Then such sequences correspond to real protein
sequences that fold to a unique native structure. E plays
the role of the free energy of a dilute protein solution as a
function of polypeptide conformation. 
Obviously, these square lattice walks are a far cry from
real proteins, but the intent here is to choose the most
realistic model such that one can still exhaustively enu-
merate all possible conformations and all possible
sequences. For nres < 12, this is computationally feasible.
Taking a scaling factor of one lattice step = 3.8 Å, the dis-
tance of closest approach between residues is not far from
the 4 Å Cα–Cα distance seen in crystal structures. Chain
flexibility is also comparable to the three residues
required for a reverse turn in real proteins. To some
extent, the unrealistically short chains of the lattice
models and the restriction to two dimensions compen-
sate, because the relatively small number of nearest
neighbors in the lattice packing forces a compact confor-
mation of even a short chain to have an interior and exte-
rior. Another difference is that real proteins have more
continuously variable conformations so that the native
conformation actually covers an ensemble of small fluctu-
ations in the backbone, larger fluctuations around
sidechains and sometimes exterior loops and tails of the
backbone, and considerable rearrangement of the solvent.
Thus, a single lattice structure corresponds to all such
backbone fluctuations having amplitude < 3.8 Å, and all
sidechain variations since they are not explicitly repre-
sented at all. In a classical continuous model of protein
structure, the native state might be defined to be all con-
formations within that same free energy local minimum
or perhaps, more vaguely, as all conformations that don’t
“look very different”. In other words, distinguishing
between the native conformation and the most similar
non-native conformation is often rather subjective. In our
lattice models, the native conformation differs from the
nearest non-native one by at least one energetically sig-
nificant contact, implying a movement of at least one
residue by at least 3.8 Å. 
By construction, E solves the 3D identification (3DID)
problem: given a sequence that does fold and a large
number of alternative conformations, all of the same
chain length as the sequence and including the correct
native conformation, then select the native structure.
Clearly we must be able to construct functions that solve
3DID for all folding sequences if we are ever going to
predict protein folding. Recently, Thomas and Dill [1]
used this lattice model to demonstrate that the statistical
analysis of native conformations inspired by the Boltz-
mann distribution (e.g. [2]) fails to induce the correct
free energy function, E, which is known by construction.
For much more realistic models of proteins, we had con-
structed potentials that apparently solved 3DID in con-
siderable generality, as long as the non-native
conformations were pieces of protein crystal structures
taken from the PDB [3]. The immediate issue was
whether the method we had used, based on solving sets
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of linear inequalities, could produce the correct free
energy function in this lattice model system. 
Related questions also arose. Is there a unique function
that solves 3DID? Does the true free energy surface have
a general funnel shape running down to the native confor-
mation [4]? Is it necessarily true that there is a large free
energy gap between the native conformation and the
lowest-energy non-native one? Apparently this is a neces-
sary condition to achieve rapid folding in Monte Carlo
simulations of cubic lattice models of proteins [5]. For
self-avoiding walks on a square lattice and only two
residue types, there are more conformations than possible
sequences. Does this produce artifacts? 
Consider the reverse of 3DID, which we call the
sequence identification (SEQID) problem: given a target
chain conformation and a large set of sequences that all
fold to some unique structure or another, select those
sequences having native structures equal to the target.
This problem comes in an easier ungapped form, where
all structures and sequences have the same length, and
in the more general form that allows insertions and dele-
tions. It has been observed that methods of solving
SEQID for realistic representations of proteins tend to
have a certain error rate of false positives (e.g. [6]), but it
is not clear whether this is due to inaccuracies in the
scoring function, incompleteness of searches, or other
reasons. It is often thought that at least the true free
energy function should unambiguously determine
sequence/structure compatibility for both 3DID and
SEQID, although others have argued that this is false
[7,8]. Since we are given the true free energy for the
square lattice models, we can test this idea directly. 
Results 
Our method for finding a potential that solves 3DID [3]
consists of assuming a functional form for E that is linear
in the adjustable parameters (as is eq. 1) and then solving
a large set of linear inequalities resulting from comparing
the energy of various native proteins with the energy of
non-native conformations. For a given choice of (eAA, eAB,
eBB), such as (1, 0, –1), the deduced contact parameters
have been shown to converge to the given values as more
and more comparisons are included from various native
versus non-native conformations of different folding
sequences [9]. The conclusion is that one must know the
functional form of the true free energy, and one must
make many comparisons between correct and incorrect
folds. In that same work, it was also demonstrated that
other functional forms could be used to produce ‘nonphys-
ical’ functions that solved 3DID without error, just as the
given contact free energy did. Although the given ‘true’
potential defines a particular instance of the 3DID
problem, and in this example counts only close contacts
between residues, the nonphysical potential we devised
included residue–residue interactions as a function of all
possible distances and differed substantially from the true
one at all distances values. In other words, a particular
3DID problem and a given functional form may deter-
mine the required potential function up to some multi-
plicative constant, but the 3DID problem alone can be
solved by a variety of different functions having quite dif-
ferent forms. 
An additional finding was that a plot of E(c′, s) – E(c(s), s)
versus DME(c′, c(s)) superimposed for all folding
sequences, s, their native conformations, c(s), and all non-
native conformations, c′, had a correlation coefficient very
near zero. Here, DME is the root-mean-square deviation
in interresidue distance matrices between two conforma-
tions. If the free energy landscape for each sequence had
an overall funnel shape centered around the native confor-
mation, one would expect a positive correlation. One pos-
sible explanation is that the native sequences in this study
are simply those having a nondegenerate ground state, as
determined by a global search over all possible conforma-
tions. Therefore, some of these may fold slowly in some
kind of Monte Carlo simulation, whereas the funnel shape
is thought to be a necessary condition for rapid folding. On
the other hand, we observed very similar scatter plots for
real protein sequences and more realistic protein repre-
sentations using our earlier 3DID potential [3]. 
Another curious feature of the true free energy and these
square lattice models is that there is no special energy gap
between the native conformation and the lowest-energy
non-native one. It has been suggested (E Shakhnovich,
A Finkelstein, personal communication) that this was an
artifact of having only two residue types, and only with
more residue types would one observe that the folding
sequences showed a bigger energy gap than random (non-
folding) sequences. Suppose, for example, nres = 8 and
(eAA, eAB, eBB) = (1.0, –0.3, –0.9). Then there are 272 possi-
ble conformations of any sequence, and out of all 256 pos-
sible sequences, 45 fold up under this free energy
function. Clearly, the smallest possible gap would be 0.3,
and this is exactly what is observed for 34 of the 45
sequences. Thus, moving from the native to the lowest-
energy non-native conformation involves either breaking
one favorable AB contact or swapping one BB contact for
two AB contacts. Given the size of these lattice structures,
the conformational change is nontrivial in either case. The
other 11 sequences have gaps of 0.6, one example being
the native conformation shown in Figure 1. 
In a second test with more examples for better statistics,
consider nres = 8 and three residue types, A, B, and C. If
one arbitrarily picks contact energies (eAA, eAB, eAC, eBB, eBC,
eCC) = (1.0, –0.3, –0.4, –0.9, –0.2, –0.5), then there are 272
conformations (as before), and 6561 total sequences, of
which 2942 are native sequences. For each native
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sequence, the correlation coefficient r between E(c′, s) –
E(c(s), s) and DME(c′, c(s)) was calculated. For this choice
of contact parameters, typically ρ > 0, and averaged over
all natives, ρ– = 0.42 ± 0.27. Energy gaps ranged from 0.1
to 0.7, with the average over all natives being 0.17
± 0.12, meaning that most gaps are 0.1, but some are
seven times that. The correlation between ρ and the gap
is only +0.11 over all natives. In other words, having a
big energy gap certainly doesn’t imply a strong correla-
tion between contact energy and conformational dis-
tance from the native. In fact, there are examples of a
gap of 0.7 and a ρ < 0. 
An examination of SEQID for square lattice models also
produced results in agreement with the performance of
realistic profiling methods and yet running counter to con-
ventional wisdom [10]. For two residue types, nres = 11,
and (eAA, eAB, eBB) = (1, 0, –1), there are 5513 conformations
and 44 native sequences, folding to only 17 distinct native
structures, just as even distantly related sequences of real
proteins sometimes share a common folding motif. For
ungapped SEQID, we find one example where sequence
s1 folds to c(s1), and s2 folds to a different c(s2), yet
E(c(s1), s1) > E(c(s1), s2) > E(c(s2), s2). In other words, the
true free energy ranks s2 as a better match to c(s1) than s1
is, even though s2 really folds to c(s2). When gaps are per-
mitted, there are many more ambiguous and erroneous
rankings, including seven examples where some align-
ment of a differently folding sequence is preferred over
the native alignment of the native sequence of the target
structure. We conclude that current profiling methods
may be improved in the future, but assessing the
sequence/structure compatibility by more physically real-
istic methods will not reduce the error rate to zero. The
underlying reason is that real proteins fold by starting with
a fixed sequence and searching for a conformation having
very low free energy; there is absolutely no reason to
believe that the sequence has also been optimized for a
fixed native conformation. Of course, it may be that some
nonphysical scoring function will prove to be more accu-
rate at SEQID, or we will simply use existing methods as a
first screen through sequence databases, realizing that the
native sequence will not always be ranked as the best, and
there will be some false positives. 
Conclusions 
In the 3DID direction, our approach is able to deduce the
correct underlying free energy function for protein
folding, provided it is challenged with enough different
native proteins and non-native conformations, and the
correct functional form of the potential is known in
advance. Otherwise, one can invent many different poten-
tials that are equivalent in that they all satisfy 3DID, but
some may have desirable properties, such as a strong cor-
relation between potential value and conformational dis-
similarity with the native, that even the true potential
does not necessarily have. 
The fact that the true potential in these extremely simpli-
fied lattice studies does not exhibit the folding funnel
thought to be essential for real uniquely folding protein
sequences calls for a reexamination of current theories of
protein folding. We need to resolve this apparent discrep-
ancy. Similarly, a large energy gap between native and
best non-native conformations is not a feature that distin-
guishes those few lattice sequences that fold uniquely
from those that do not, whereas some have argued that it
is an essential characteristic of folding sequences. Neither
is the size of the energy gap correlated with an apparent
folding funnel shape to the energy landscape. Perhaps
these theories have overlooked some possibilities, or
perhaps further lattice studies will demonstrate that these
discrepancies disappear as the models are made progres-
sively more realistic. 
In the SEQID direction, the point is that even the true
potential function sometimes makes mistakes in identi-
fying which sequences will uniquely fold to a given
target structure. Thus, refining current profile methods
and making the profiles closer to the real physics of the
situation are unlikely to reduce the error rate beyond a
certain point. Instead, the ultimate solution to SEQID
will involve some sort of overview of alternative confor-
mations such that a particular sequence not only finds
the target fold satisfactory, but also no other conforma-
tion is as good. For example, Sun et al. [11] have already
recognized this need and have devised potential func-
tions that differ from the true one but tend to reduce the
error rate when designing sequences for a given target
structure. 
Methods 
Computational methods for this work are described in detail in [9,10].
Because the numbers of conformations and sequences for these
short walks on square lattices are not excessive, all searches for low-
energy conformations, native sequences, and optimal gapped align-
ments were done exhaustively. Results did not depend on statistical
sampling, stochastic searches, or the particular contact energy
values chosen. 
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Figure 1
The native conformation of a square lattice protein having a gap of 0.6
between the native free energy of –1.8 and the lowest-energy non-
native conformation. Here (eAA, eAB, eBB) = (1.0, –0.3, –0.9). 
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